In this study, an efficient stochastic gradient-free method, the ensemble neural networks (ENN), is developed. In the ENN, the optimization process relies on covariance matrices rather than derivatives. The covariance matrices are calculated by the ensemble randomized maximum likelihood algorithm (EnRML), which is an inverse modeling method. The ENN is able to simultaneously provide estimations and perform uncertainty quantification since it is built under the Bayesian framework. The ENN is also robust to small training data size because the ensemble of stochastic realizations essentially enlarges the training dataset. This constitutes a desirable characteristic, especially for real-world engineering applications. In addition, the ENN does not require the calculation of gradients, which enables the use of complicated neuron models and loss functions in neural networks. We experimentally demonstrate benefits of the proposed model, in particular showing that the ENN performs much better than the traditional Bayesian neural networks (BNN). The EnRML in ENN is a substitution of gradient-based optimization algorithms, which means that it can be directly combined with the feed-forward process in other existing (deep) neural networks, such as convolutional neural networks (CNN) and recurrent neural networks (RNN), broadening future applications of the ENN.
Introduction
Artificial neural networks (ANN) are computing systems inspired by biological neural networks that constitute animal brains. ANN is capable of approximating nonlinear functional relationships between input and output variables (Kim et al., 2018) . From a mathematical perspective, a neural network can model any function up to any given precision with a sufficiently large number of basis functions (Cybenko, 1989; Hornik, 1991) . In addition, we can even use much smaller models by constructing hierarchy neural networks (Delalleau & Bengio, 2011; Gal, 2016) . The basic processing elements of neural networks are neurons. A collection of neurons is referred to as a layer, and the collection of interconnected layers forms the neural networks (Kim et al., 2018) . A four-layer neural network is illustrated in Fig. 1 as an example. In a neuron, the output is calculated by a nonlinear function of the sum of its inputs. The connections between different neurons from adjacent layers are represented by the weights in a model. The weights adjust as learning proceeds, and they represent the strength of the signal at a connection. The nonlinear function is also called the activation function, and the most popular choices are sigmoid, tansig, and ReLU (Li et al., 2015) .
2 ANN has been widely applied to solving real-world engineering problems, and the following three topics are significant for effective applications. The first topic is uncertainty quantification. Uncertainty is inevitable in all kinds of prediction models, including neural networks. Predictive uncertainty results from data uncertainty caused by noisy data, and model uncertainty comes from model parameters and model structure. Uncertainty quantification determines how much confidence one has in a certain prediction. This information is desirable in numerous fields that have the possibility to directly or indirectly affect human life, and control of them has been gradually handed-over to automated systems (Gal, 2016) , such as life sciences (Herzog & Ostwald, 2013; Acharya et al., 2018) and autonomous vehicles (Widrow et al., 1994; Tian et al., 2018) .
The second topic concerns data availability. Although data are the most precious resource in machine learning, data collection is very expensive and time-consuming in many real-world engineering problems. For example, in the field of gas resource evaluation in petroleum engineering, adsorbed gas content estimation is significant (Wu et al., 2014) . However, an adsorption experiment could take a week to collect a single pair of data, and it is normal to spend millions of dollars in coring processes to obtain experimental material. Thus, most adsorbed shale gas datasets comprise less than 100 data (Chen et al., 2017) , which hinders the application of neural networks. Data availability is especially important for deep learning, in which tens of thousands of weights need to be trained (He et al., 2016) .
The final topic is not yet critical, but has the potential to greatly broaden the scope of neural network applications. In some circumstances, it is desirable to have a gradient-free optimization method. For example, in the field of brain-inspired computing, the Hodgkin-Huxley (HH) model (Hodgkin & Huxley, 1952 ) is utilized as the neuron model rather than the traditional McCullochPitts (MCP) model (McCulloch & Pitts, 1943) , in which the neuron structure is a linear combination of inputs with an activation function. Although the HH model is much more elaborate and biomimetic, and thus more accurate, it is described by a set of nonlinear differential equations and obtaining the derivatives is challenging. A gradient-free optimization method could be applied to natural language processing, as well. Bilingual evaluation understudy is an algorithm for evaluating ( ) Assuming that the observation is equivalent to the sum of the estimation results and normallydistributed stochastic errors, the prior probability and the likelihood function are given in Appendix A. The posterior probability distribution can be obtained by multiplying the prior probability and the likelihood function, which is shown as (Oliver et al., 2008) : The objective function () Om is defined as proportional to the posterior probability of the model parameters, which is given as (Chang et al., 2017) : 
Under this framework, the optimal model parameters are those that maximize the posterior probability in Eq. (2), which equals to minimizing the objective function in Eq. (3). Intuitively, the first term in the objective function is proportional to the square of the difference between the trainable parameter m and the prior estimate pr m , which denotes the model mismatch. The second term is calculated based on the difference between the estimation value and the observation, which denotes the data mismatch. The model mismatch term not only helps the model avoid overfitting, which is similar to the regularization term in a common loss function, but also utilizes 5 the prior information on the model parameters. The covariance matrixes M C and D C are used to nondimensionalize the model mismatch and data mismatch so that they are on the same scale.
Ensemble randomized maximum likelihood algorithm (EnRML)
The purpose of the EnRML is identifying a set of model parameters that maximize the posterior probability, which is equivalent to minimizing the objective function. Using the Gauss-Newton method, the iterative update formula takes the following form (Bertsekas, 1999; Chen & Oliver, 2013) : In early iterations, the data mismatch is always large, which probably results in over-update and bad iteration performance. Thus, a multiplier  is applied to M C in the Hessian term to mitigate the influence of large data mismatch (Li et al., 2003) . The method for determining  will be introduced in Appendix B. To reduce computation complexity, when NN > m d the following two equalities are used to reformulate Eq. (4), the theoretical derivation of which is provided in Appendix C (Golub & Van Loan, 2012) :
Using Eq. (5) and Eq. (6), Eq. (4) can be rewritten as: (8) is an effective formula to optimize the model parameters and determine the model uncertainty. However, it is a gradient-based optimization method. We can adopt the following approximations to substitute covariance and cross-covariance for the gradients (Zhang, 2001; Reynolds et al., 2006) :
where M ,D In the EnRML, to construct a group of realizations, the randomized maximum likelihood algorithm (RML) is employed to generate the samples in each realization. The observed data utilized in each realization are the sum of the target value and a stochastic measurement error, and the initial model parameters are generated by sampling the prior probability distribution function for model parameters. The EnRML can be summarized as Algorithm 1. The hyper-parameters in EnRML are all determined based on prior information. It can be seen from Eq. (10) that the time complexity of this algorithm is In the EnRML, the calculation of derivatives is not required in the optimization process, and most variables in Eq. (10) are easily accessible statistics. Moreover, the realizations are related to 8 each other, and the iteration of each realization utilizes information from the whole ensemble.
Ensemble neural networks (ENN)
In the ENN, the EnRML is combined with the feed-forward neural network by taking the weights in the neural network as the model parameters m in the EnRML. The inputs from the training data are taken as a fixed part of the feed-forward process in the ENN. The essence of the ENN is illustrated in Fig. 2 . Firstly, a group of N e realizations of weights are generated for a feedforward neural network of a given architecture. It is noted that the same methodology can be extended to account for model uncertainties for which the architecture varies among realizations. Then, the same set of input variables are used to calculate the prediction values of each realization based on the neural network architecture and the corresponding weights in each realization. Finally, the EnRML is applied to the optimization process, and the weights are updated according to Eq. (10). An end-to-end example is provided in the Supplementary Material to demonstrate the calculation process of the ENN. The ENN is able to perform uncertainty quantification since it is calculated from a probabilistic perspective. In fact, the usage of the ensemble of realizations receives a double advantage in the ENN. It not only provides essential information about covariances to optimize the weights, but also enables the model to solve small data problems by generating artificial training data without additional effort. It should be mentioned that, in the ENN, the model () j gm can be the feedforward process of convolutional neural networks (CNN), recurrent neural networks (RNN), or other neural networks. In this study, the ENN is casted in a batch learning mode. However, the ENN can be conveniently formulated as sequential (online) learning. Moreover, the embedded EnRML is embarrassingly parallel.
The ENN seems to be similar to other uncertainty quantification methods, such as Bayesian neural networks (BNN) and Monte Carlo neural networks (MCNN) (MacKay, 1992; Gal, 2016) . Nevertheless, the minimization method, determination of hyperparameters, and methods for solving the Hessian matrix are totally different for the ENN and the BNN. Regarding the MCNN, each realization has an independent forward process and an independent backward process to the other realizations. In contrast, realizations in the ENN share information for simplifying the update in the backward process. The forward process in the ENN can not only obtain estimation values, but also obtain the shared covariance matrices. Detailed comparisons of ENN and other similar models are provided in Appendix E.
Experiments
To test the performance of the ENN, several computational experiments are carried out in this section. The main purposes of the experiments are: 1) to comprehensively understand the ENN method, such as estimation uncertainty; 2) to analyze the capability of the ENN to generate accurate estimations, especially when different scales of measurement errors exist in observations and different sizes of training datasets are applied; and 3) to compare the performance of the ENN with traditional BNN methods.
In the following subsections, we introduce three different experiments. The descriptions and purposes of the experiments are summarized in Table 1 . In the first experiment, a one-dimensional toy regression dataset is utilized. This dataset was proposed by Hernandez-Lobato and Adams (2015) to evaluate models' capability to perform uncertainty quantification. In the second experiment, a sanity check is performed to test whether the ENN method is functional. If the ENN does not work on an ideal problem, it is impossible for the ENN to solve real engineering problems. Moreover, the ENN is compared with the BNN to analyze their performance under different scenarios. In the last experiment, four real-world datasets are utilized as benchmarks to compare the generalization capability between the ENN and the BNN. Three of the datasets are from the UCI Repository of Machine Learning Databases (Lichman, 2013) , and the final one is a highly nonlinear problem in petroleum engineering. 
Experiment on a toy dataset
Hernandez-Lobato and Adams (2015) proposed a toy dataset to evaluate models' capability to perform uncertainty quantification, which is widely used by other researchers (Lakshminarayanan et al., 2017; Louizos & Welling, 2017) . This toy dataset consists of 20 training examples drawn as 3 yx   , where  follows a normal distribution with mean 0 and variance 9, and ( 4, 4) x .
To illustrate the influence of various observations on estimation (learning) accuracy and associated uncertainty, we drew different sizes of training samples from different intervals in this study. We used the same neural network architecture as Hernandez-Lobato and Adams (2015) , and ReLU was taken as an activation function. The results are shown in Fig. 3 . For the case of no observations, as shown in Fig. 3(a) , the estimated function is a flat line, and the estimation uncertainty results from the prior distribution of ENN weights. In Fig. 3(b) , when 10 training samples are randomly drawn from (-2, 2), the estimated function is still a flat line, and the corresponding uncertainty is almost unchanged because the training area is too small to describe the cubic function. It is shown from Fig. 3 (c) to Fig. 3 (f) that estimation and uncertainty are improved with the increase of training samples, which indicates that this method is particularly suitable for active learning. The ENN is capable of making reasonable estimations even at points far from the training data, although the cubic function increases rapidly there. It is noted that the samples in Fig. 3(d) are drawn from the same interval as the experiment in a previous study (Hernandez-Lobato & Adams, 2015) . In that study, the estimation uncertainty is so large outside of the training area that the boundaries of estimation uncertainty are even contrary to the real trend of the cubic function. However, as shown in Fig. 3(d) , the estimation uncertainty of the ENN exhibits the same trend as the ground truth target function, even outside of the training area. This toy data set provides us with a good understanding of the estimation and uncertainty quantification of the ENN. 
Experiment on a highly nonlinear ideal dataset
In the ideal regression problem, independent variables and true weights are randomly sampled from a normal distribution. The target variables are calculated based on a given neural network with a certain architecture. The goal is using the ENN to estimate the weights, given the neural network's architecture and the observations. The fact that a true solution exists in this ideal regression problem makes this experiment a sanity check. If the ENN does not work on this ideal problem, it is impossible for the ENN to solve real engineering problems. Furthermore, this experiment can be utilized to examine the influences of network architecture, training data size, and scale of observation errors on estimation accuracy. Regarding the parameters in the ideal artificial dataset, the two independent variables are sampled from a normal distribution with mean 0 and standard deviation 10. The weights are drawn from a standard normal distribution. The given neural network architecture (reference architecture) is a fully connected network with three hidden layers and one output layer. The number of neurons is four, four, 10 and one, respectively, for each layer. The artificial dataset has 70 pairs of training data and 30 observations as the testing data.
Performance and convergence process of ENN
Regarding the hyperparameters in the ENN, the mean and standard deviation of measurement errors are 0 and 0.002, respectively. The prior covariance matrix of model parameters is set to be an identity matrix. The number of realizations in the ensemble is set as 100. The aforementioned setting is denoted as default hyperparameters of the ENN in this study. Initially, the ENN architecture is set to be the same as the reference architecture to avoid the influence of network architecture. As is shown in Fig. 4(a Fig. 4(b) . The closer the distribution of points is to the 45  diagonal, the better is the estimation. This shows that the ENN performs well, even when it suffers from a lack of data. This advantage resulted from the ensemble method, in which the small training dataset is actually enlarged by the duplication with random disturbance. In essence, the ensemble method is similar to the data augmentation process in image recognition, such as horizontal and vertical flip, rotation, and adding noise. In feed-forward neural networks, multiple distinct choices for the weights can give rise to the same mapping function from inputs to outputs (Bishop, 2007) . For instance, if the 'tanh' activation function is applied to the network and we change the sign of all of the weights and the bias feeding into a particular hidden unit, then, for a given input pattern, the sign of the activation of the hidden unit will be reversed. This transformation can be exactly compensated by simply changing the sign of all of the weights leading out of that hidden unit. This weight-space symmetries property may cause difficulties when the Monte Carlo method is used since the realizations in Monte Carlo are independent. In other words, it is very likely to obtain totally different weights from different realizations in the Monte Carlo method, but these different weights actually have the same performance. Regarding the ENN method, although there exist many weights that are different but have a similar mapping function, the weights from different realizations may ultimately converge in a statistical sense. This convergence is resulted from the close interrelation among realizations. The convergence processes of different realizations are illustrated in Fig. 5 . There are a total of 93 weights in the model, and six of them are taken as examples. The red solid line denotes the expectation value of the weights, which is equivalent to the mean of the weights from different realizations. The blue dashed lines are the upper and lower bound of the weights. The vertical distances between the blue dashed lines and the red line equal the standard deviation of the weights from different realizations. The converging processes of different weights prove that the influence of prior distribution on the final results is very small. Although the weights are broadly distributed at the beginning due to the random sampling, they converge rapidly with iteration. This means that the prior distribution does not need to be very accurate. Thus, it is reasonable to use Gaussian distribution to generate the initial realizations in ENN. To provide a more comprehensive illustration of the whole group of 93 weights, the mean and standard variance of the weights at each iteration step are illustrated by the gray scale map in Fig. 6 (a) and Fig. 6 (b), respectively. As is shown in Fig.  6 , the means of all of the weights converge well, and the standard deviations are close to zero. 
The influence of network architecture, training data size, and scale of observation errors
To examine the influence of network architecture, five different neural networks with varied numbers of layers and different numbers of weights are compared with the reference neural network. All of the six neural networks have the same hyperparameters, and the only difference among them is architecture, which is shown in Table 2 . The NN / tw denotes the ratio of the number of training data to the number of weights. Architecture 2, 3, and 4 have a similar value of NN / tw to the reference architecture, so that the comparison among these models reveals the influence of the neural networks' depth. Furthermore, architecture 1 and 5 have totally different ratios from the reference architecture, which shows the influence of the number of weights because the training data size is the same. For each architecture, estimation loss is calculated based on 50 randomly sampled independent experiments, and the results are provided as boxplots. It is shown in Fig. 7 that the neural networks with different architectures exhibit a similar performance, as long as they have a similar ratio of NN / tw . In addition, it is revealed by the comparison of architecture 1 and 5, and the reference architecture that the bigger is the ratio, the lower is the estimation loss. Table 2 Architectures of different ENN models. In the following part, the ENN is compared with the BNN under different sizes of training datasets and various scales of measurement errors. This series of comparisons reveals the difference of robustness between the ENN and the BNN. The average estimation losses of the ENN and the BNN with different training data sizes are illustrated in Fig. 8 by boxplot. A group of normallydistributed stochastic measurement errors with mean 0 and standard deviation 0.1 is added to the estimations. In this experiment, both the BNN and the ENN use the reference architecture. The maximum size of the training dataset is 700 and the reference architecture has 93 model parameters, which means that the maximum amount of training data is equivalent to 5.3 times the amount of model parameters. Hyperparameters in the ENN are set according to the real measurement error. It is shown in Fig. 8 that: 1) the increase of the size of the training dataset improves the performance of both the BNN and the ENN; 2) the ENN is more robust than the BNN, especially when the model suffers from a lack of data; and 3) given enough training data, the estimation accuracy of the BNN approaches that of the ENN. When the amount of training data reaches more than three times the amount of model parameters, the loss of the BNN is slightly smaller than the loss of the ENN, but both are very close to 0. This phenomenon is in line with the calculation principle of the ENN. The ENN assumes that the observation is equivalent to the sum of the estimation results and normallydistributed stochastic errors. In order to improve the model accuracy under a small training dataset, the ENN adds a normally-distributed random noise to the observation data. This approach can improve the robustness of the model when the data are insufficient, but when the data are sufficient, the artificially added noise will increase the prediction error of the model. It should be mentioned that the ENN is ideal for real-world engineering problems, in which it is difficult to obtain sufficient training data. For example, the data size of most datasets is less than 100 (Chen et al., 2017) in adsorbed shale gas problems. For these problems, the ratio of the training data size to the amount of model parameters tends to be much smaller than the maximum ratio (5.3) in Figure 8 . Moreover, the influence of different scales of measurement error is examined. As shown in Eq. (A.1) in Appendix A, the observations in the training dataset are equivalent to the sum of the estimation results and normally-distributed stochastic errors (measurement errors). The measurement errors are in accordance with normal distributions and their means are zero, while their standard deviations are different. Thus, the standard deviations actually determine the scales of measurement error. In other words, the bigger is the standard deviation, the larger is the measurement error. In this experiment, the standard deviation ranges from 0.001 to 0.2, which is represented by the abscissa axis. It is shown in Fig. 9 that: 1) the decrease of the scale of measurement error improves the performance of both the BNN and the ENN since it reduces the uncertainty in the observations; and 2) the smaller interquartile range of the ENN proves the better robustness of the ENN compared to the BNN in the presence of any scale of measurement error. 
Experiment on real-world datasets
The generalization capability of the ENN is assessed in this subsection by applying the ENN to four different datasets. The classical fully connected neural networks (FCNN) and three different kinds of BNN algorithms are examined as comparisons. The first BNN algorithm is the traditional BNN. The second one is the BNN with a validation process, which is denoted as BNN-Val. In the third method, the learning function is replaced by gradient descent with momentum (GDM). The FCNN is the most commonly used neural network, but it does not provide the probability distribution function of estimations, and uncertainty quantification cannot be performed. The BNN algorithms are chosen as the baselines since they are capable to perform uncertainty quantification. In the ENN, the aforementioned default values are utilized as hyperparameters. Regarding the training datasets, three of them are taken from the UCI Repository of Machine Learning Databases (Lichman, 2013) , which are Auto MPG, Combined Cycle Power Plant, and Concrete Slump (Quinlan, 1993; Kaya et al., 2012; Yeh, 2007) . Moreover, except for the datasets from the UCI database, a dataset called PRES-2D is used, which is based on a highly nonlinear water-oil twophase flow problem. Each data point has 20 independent input variables and five output variables. This dataset is provided and introduced in Appendix F. Regarding the network architecture, the FCNN, the three kinds of BNN methods, and the ENN method share the same three-hidden layer neural network for the same dataset. The network architecture contains four, four, and 10 hidden units for each layer for the UCI datasets. For the PRES-2D dataset, the network has 15, 10 and five hidden units for each layer since this dataset has a higher input dimension. The experiment results are shown in Table 3 . The suffix of the dataset's name denotes the size of the training data. As shown in the experiment results, the performances of the methods become better with the increase of the training dataset. The average estimation losses of the BNN, the BNNVal and the BNN-GDM are very similar, and they are all larger than the loss of the ENN, except for the last case where the losses converge. This phenomenon verifies the ENN's advantage in the case of a small training dataset. In the last two cases, the FCNN performs better than the BNN and the ENN when the data are sufficient; however, the FCNN cannot conduct uncertainty quantification, which restricts its application in real-world engineering problems. Thus, the three BNN algorithms are better baselines than the FCNN when the probability distribution functions are important. As has been discussed in section 3.2, the superior performance of the ENN resulted from the ensemble of stochastic realizations, which can avoid the over-fitting problem to some extent. In general, the validation process is a common choice for avoiding over-fitting. However, the performance of the BNN and the BNN-Val is very similar, which means that validation is not useful in small data problems. This is because the validation process reduces the size of the training dataset, which then aggravates the over-fitting problem. It is shown in PRES-2D 200 that the estimation losses of the BNN methods and the ENN become similar when there is enough data. The ENN cannot replace the commonly used FCNN for problems that have sufficient training data and do not require uncertainty quantification or gradient-free calculation. However, the ENN is a better choice when it is necessary to perform uncertain quantification and the training data are insufficient. The ENN also possesses a unique advantage for problems that require gradient-free calculations.
Discussion and conclusion
In this study, an optimization algorithm, called the EnRML, is applied to neural networks to build ensemble neural networks (ENN). The ENN is a stochastic method based on the Bayesian theorem. A group of stochastic realizations is used to obtain statistical properties, such as the covariance between weights and estimation values. In essence, the ENN method utilizes correlation information from stochastic realizations to minimize the objective function. The minimization of the objective function in the ENN is equivalent to the maximization of posterior probability. Firstly, the Gauss-Newton method is applied to the minimization of the objective function, and an iterative update formula that depends on both covariance and gradients is obtained. Secondly, the iterative update formula is reformulated to reduce computational complexity, which is desirable especially for the problem of a lack of samples. This adjustment is not necessary if the number of data is larger than the number of weights. Thirdly, the sensitivity matrix in the update formula is substituted by covariance between the updated weights and the predicted data by using first-order approximation of Taylor expansion. The finally-obtained iterative update formula does not require knowledge of derivatives, and it only depends on covariance, which can be easily calculated from the stochastic realizations.
With the ENN, it is straightforward to obtain the probability distribution functions (PDFs) of not only weights, but also estimation values from the ensemble of realizations. These PDFs could be applied to uncertainty quantification, which is beneficial for increasing neural networks' safety and accuracy. The computational experiment in section 3.1 demonstrates the capability of the ENN to perform uncertainty quantification, which is an advantage of the ENN over other classical neural networks, such as the commonly-used fully connected neural networks. Although Bayesian neural networks and Monte Carlo neural networks are able to obtain the PDFs as well, the ENN is simpler. In the backward process of the ENN, the covariance matrices are simply statistics of the forward process results, and these covariance matrices are shared among realizations, which simplifies the backward process.
The ENN is not sensitive to the size of the training dataset, which constitutes another advantage of this method over methods that are capable to perform uncertainty quantification, such as the Bayesian neural networks. This characteristic is especially important for real-world engineering problems where data collection is always expensive and time-consuming. It is even more desirable for the application of deep learning, in which tens of thousands of weights are used. This advantage is reflected in Fig. 8 , in which the experiment shows that the ENN has higher prediction accuracy when the ratio of the amount of training data to the number of weights is small. This characteristic results from the ensemble of realizations generated by the RML method. The essential idea of the ENN is extracting more information from the training data. The training dataset is actually enlarged by the duplication with random disturbance among different realizations, which is similar to the commonly-used data augmentation methods in image recognition, such as rotation and adding noise. The disturbed realizations in the ensemble are helpful to avoid the over-fitting problem, as well. Although the ENN has the potential to solve problems with small datasets, it is not only for small data problems. The ENN is also able to provide predictions with large training datasets.
The ENN method is based on statistical analysis and the gradient is not required, which is different with the commonly-used networks based on backpropagation. This characteristic is not critical for traditional neural networks, however, because the derivatives of activation functions can be easily determined. The MCP model in traditional neural networks is coarse from a biological perspective, and it is replaced by the more elaborate and biomimetic HH model in neuroscience. However, the calculation of the HH model is complicated, which makes the frequently-used activation functions impracticable. The HH model requires more complicated activation functions, in which it is probably challenging to obtain the derivatives. The ENN is also a gradient-free method, which makes it preferable for neural networks based on the HH model in brain-inspired computing. This feature might be useful in the field of natural language processing, as well.
Three groups of computational experiments are carried out to test the performance of the ENN in this study. The first experiment shows the estimation and uncertainty quantification process in the ENN. In the second experiment, an ideal dataset is utilized to reveal the influences of the scale of measurement errors and the size of the training dataset. In the last experiment, the generalization capabilities of the ENN and three kinds of BNN methods are compared based on four real-world datasets. The results demonstrate that the ENN produces higher estimation accuracy than the BNN algorithms. The ENN is also robust to measurement error, and it works well for small data size problems. In conclusion, the ENN is a gradient-free method with the ability to perform uncertainty quantification, and it does well with small datasets. In addition to the batch learning mode shown in this study, the ENN can be casted as sequential (online) learning or mini-batch learning. Furthermore, the EnRML embedded in the ENN can be conveniently parallelized.
Appendix A. Calculation of posterior probability distribution of the model parameters
Assuming that the observations can be defined as the sum of estimation results and normallydistributed stochastic errors (Eq. (A.1) ), the likelihood function is simply equivalent to the probability of the stochastic error, which is shown in Eq. (A.2):
where () gm is a function that maps m to an estimation value; and  is a normally-distributed random vector with mean 0 and covariance matrix D C .
Since the errors are normally distributed, () p  can be determined by the probability distribution function of a multivariate normal distribution as: 
The prior can be obtained similarly with the assumption that the model parameters are Gaussian variables:
where pr m denotes the prior estimate of the model parameters; and M C denotes the prior covariance of the model parameters.
The posterior probability distribution of the model parameters can be obtained by the Bayesian theorem by multiplying the likelihood function (Eq. (A.4) ) and the prior probability (Eq. (A.5)) as: 
where O( ) m is the objective function, proportional to the posterior probability of the model parameters.
Appendix B. Method for determining the multiplier 
The multiplier  is used to mitigate the influence of large data mismatch in early iterations. The determination method of  is based on the Levenberg-Marquardt algorithm (Chen & Oliver, 2013) . The starting value of  should be on the same order of magnitude as, or lower than, Sm of the ensemble is increased at one iteration, we reject the update and increase the value of  by a factor of  , and repeat the current iteration with the larger value of  . Essentially, this adjustment reduces the update step-size to find a better update, and it typically occurs at later iterations. It is necessary to set a lower bound of  because the update step-size cannot be too large, and it does not take many steps when the value of  needs to be increased. The lower bound of  is set to be 0.005 in this study, and the  is set to be 10.
Appendix C. Two equivalent equations to change the dimension of the inverse matrix
The derivation process of the two equivalent equations in Eq. (6) and Eq. (7) is shown as follows (Golub & Van Loan, 1989; Oliver et al., 2008) :
Firstly, we can construct the following identical equations and rearrange them to obtain:
The left-hand sides of Eq. (C.1) and Eq. (C.2) are identical. Thus, the right-hand sides must be equal as well, which gives:
The terms
are both nonsingular positive-definite matrices. Thus, Eq. (C.3) can be rewritten as Eq. (C.4), which is same as Eq. (7):
Regarding the derivation process of Eq. (6), we can construct the following identical equation:
Using Eq. (C.4), we can rewrite Eq. (C.5) as:
Eq. (6) in section 2.2 can be obtained by simply rearranging terms in Eq. (C.6).
Appendix D. Two approximations to substitute covariance for the gradients
The derivation process of the two approximations in Eq. (10) 
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Appendix E. Comparisons of the ENN and other methods
E.1 The difference between the BNN and the ENN
Bayesian neural networks (BNN) is a kind of method that can obtain model uncertainty by giving distributions over the weights and biases in common neural networks. This method has been studied by Mackay (1992) and further extended by Neal (2012) and Gal (2016) . The ENN proposed in this study seems similar to the BNN in terms of model structure. The objective function of the ENN is shown in Eq. (2), and the objective function of the BNN is given by:
where N denotes the number of data points; n t denotes the target value of the n th data point; and  and  are hyperparameters, which will be discussed later.
The objective functions of the ENN and the BNN are essentially the same equation based on the Bayesian theorem. However, the minimization method, determination of hyperparameters, and the method for solving the Hessian matrix are totally different.
E.1.1 Minimization method of the ENN and the BNN
Regarding the minimization method for the objective function, the ENN and the BNN are different. The ENN is based on the Gauss-Newton method using the calculation of the Hessian matrix. However, the BNN relies on the gradient descent method based on error backpropagation. Specifically, both the ENN and the BNN are iterative methods and obey: (Oliver et al., 2008) :
and the BNN obtains this value based on the Delta rule, which is shown as (Rumelhart et al., 1986 ): In conclusion, the BNN is based on gradient descent. This method possesses a hierarchical structure, which means that the gradient calculation of a weight requires all of the gradients of related weights in the deeper layers. This hierarchical structure results in the neurons in deeper neural networks requiring more complex calculations. In the ENN, however, there is no hierarchical structure in the calculation of the covariance matrix. Different weights have the same computational complexity to determine its covariance.
E.1.2 Determination of hyperparameters of the ENN and the BNN
Hyperparameters are utilized to balance the influence of model mismatch and data mismatch.
The hyperparameters in the ENN are D C and M C , which are, respectively, equivalent to the covariance matrix of the stochastic error and the covariance of the prior weights. The hyperparameters in the ENN are fixed and known from the beginning; whereas, the BNN requires an iterative procedure to determine the hyperparameters, which is shown as (Bishop, 2007) : (Bishop, 2007) . respect to the components of m ; whereas, the derivative object of the Hessian matrix is not the objective function, but the sum-of-squares error function in the BNN (Bishop, 2007) . Regarding the calculation of the Hessian matrix in the ENN, the second derivatives of () gm are ignored according to the Gauss-Newton method, which is shown as (Oliver et al., 2008) :
E.1.3 Method for solving the Hessian matrix of the ENN and the BNN
In the BNN, diagonal approximation and outer product approximation are the most commonlyused methods to calculate the Hessian matrix (Eade & Robb, 1981; Bishop, 2007) . The diagonal approximation is shown in Eq. (E.10). It is based on the error backpropagation method with the assumption that the off-diagonal elements in the second-derivative terms are neglectable. However, in practice, the Hessian is typically found to be strongly nondiagonal, which is the major problem with this method.
The outer product approximation is shown in Eq. (E.11). This approximation neglects the second terms, as well. The limitation of this method is that it is only likely to be valid for weights near the minimum, or when the network has already been trained appropriately.
E.2 Difference between the Monte Carlo and the ENN
Monte Carlo relies on repeated random sampling to perform uncertainty quantification. For example, the Monte Carlo estimate is used in the BNN, and in practice the Monte Carlo estimate is equivalent to performing several stochastic forward passes through the network and averaging the results (Gal, 2016) . Although the ENN method also has stochastic realizations that pass through the network, it is essentially different from the Monte Carlo estimate.
In the Monte Carlo estimate, each realization has an independent forward process and an independent backward process for each iteration. In contrast, realizations in the ENN share information. As shown in Eq. (10) calculate the updated weights. The covariance matrices are all statistical variables obtained from the ensemble of realizations, which means that each realization is an indispensable part of the ensemble to estimate the weights in the ENN. In other words, the forward process in the ENN can not only obtain estimation values, but also obtain the shared covariance matrices for update, which simplifies calculation in the backward process.
E.3 Difference between ensemble averaging and the ENN
Ensemble averaging is a learning paradigm in which alternative proposals, called components, combine their individual outputs to produce a unique solution to a given problem. In practice, the components are multiple independent models, and average their predictions at test time. The neural networks always exhibit better improvement with higher model variety in the ensemble (Jiménez, 1998; Zhou et al., 2002) . However, the word "ensemble" in the ENN does not hold the same meaning as the aforementioned ensemble method. The ensemble in the ENN comes from the original meaning of this word. In this study, the ensemble represents a set of realizations of the same distribution that go together to form a whole. In other words, the components in the ensemble are not independent models, but different realizations of dataset and model parameters. The dataset in each realization is sampled from the training dataset by the RML method, in which the mean of the probability distribution equals the observed target data in the training dataset, and the variance is determined by the estimation of measurement error. The model parameters are sampled from the prior probability distribution in the same method.
Appendix F. The PRES-2D dataset
In this problem, a 2D porous domain with a size of 1200×1200 ft is examined, and the domain is simulated by a 40×40 grid. The porous media is saturated with oil initially, and water is injected at the point with coordinates (1, 1) of the grid with a constant injection rate. The shock wave of the water flooding front will propagate through the domain, and oil is produced at (40, permeability field is randomly generated by the K-L expansion (Li & Zhang, 2007) , where 20 eigenfunctions are multiplied by 20 random variables. The eigenfunctions are illustrated in Fig. F .1, and several examples of permeability fields generated with different sets of 20 random variables are shown in Fig. F. 2. In the PRES-2D, the input of each data point consists of a set of the 20 random variables, which generate a corresponding permeability field by the K-L expansion. The permeability field determines the pressure field of the domain according to complex physic laws. The outputs of the PRES-2D are the pressure values at five different observation points. The determination of the pressure field is a highly nonlinear problem, and it is difficult to obtain an analytical solution. Thus, a commonly-used underground flow simulator, called Eclipse, is employed to simulate the pressure field. Finally, the dependent variables in PRES-2D are the values of flow pressure, and the independent variables are sets of 20 random variables that are utilized to generate the random permeability fields. The PRES-2D dataset is provided in .txt format in the Supplementary Materials. Examples of the random permeability fields. Each field is generated based on the eigenfunctions in Fig. F1 with a different set of random variables according to the K-L expansion.
Supplementary Material. Detailed example of the calculation process of the ENN
To demonstrate the ENN more clearly, an end-to-end example worked out by hand is provided in this Supplementary Material. A two-layer neural network with five neurons in the hidden layer is trained to simulate the mapping of y = 2x+1. All of the weights, the covariance matrices, and the estimations in the first three iterations are provided in a step by step method to show the details of the ENN algorithm. The estimation value, the estimation loss, the λ (step size), and the weights at the first 31 steps (the initial step and 30 iteration steps) are shown in figures to demonstrate the converging process.
In this demonstration, the ensemble size is 10, which means that the covariance matrices are calculated based on 10 different realizations. The training dataset includes six samples. The inputs of these training samples are 1, 2, 4, 6, 8, and 9, and the corresponding outputs are 3, 5, 9, 13, 17, and 19, respectively. The inputs of the test data are 3, 5, and 7, and the corresponding target values are 7, 11, and 15, respectively. There are 16 different weights in this neural network and only six training samples. Although the ratio of the number of training data to the number of weights is only 0.375, the ENN is still able to simulate the mapping.
Step 1 (initial state) 
The estimations of the training data g(m 1 )train of the 10 realizations are obtained based on the initial weight matrix m 1 and the inputs of the training data Xtrain = [1, 2, 4, 6, 8, 9] , which is shown as follows: 
where f denotes the mapping function defined by the neural network. Each column of the g(m 1 )train represents the six outputs of the training data in the same realization, and the 10 columns show the results of the 10 realizations. Step 2 At the following iteration step, a multiplier is applied in the Hessian term in Eq. (10) to mitigate the influence of large data mismatch. is inversely proportional to the step size in the iteration, which means that it will increase when large data mismatch is obtained and results in small step size. The method for determining  is introduced in Appendix B, and its value at step 2 is shown in the following equation. It should be mentioned that, although this  is used at step 2, 1 is taken as the subscript of  since it is calculated based on the results at step 1.
 = 17717629
The perturbed observation D 1 obs is a matrix that includes all of the perturbed observations of different realizations. 
The CD denotes the covariance matrix of the normally-distributed stochastic errors in Eq. (2), which is a diagonal matrix with the diagonal elements of 0.002 2 . The CM denotes the covariance matrix of prior model parameters, which equals to an identity matrix. 
The updated model parameters (m 
Based on the averaged estimation results and the target values, the loss of training dataset Ltrain,2 and the loss of test dataset Ltest,2 at step 2 are calculated according to Eq. (S.1) and shown as follows:
Ltrain,2 = 9.409 Ltest,2 = 9.382
The data mismatch of the model Sd(m 2 ) is calculated, and its mean E(Sd(m 2 )) and standard deviation σ(Sd(m 2 )) are shown as follows:
Since the mean of the data mismatch decreases, the updated model parameters of this iteration step result in better performance of the neural network, and the updated model parameters are accepted. If the data mismatch increases, the updated model parameters should be rejected, and the latest accepted model parameters from the previous steps are taken as the result of the current iteration step.
Step 3 It is shown in the previous subsection that, although the mean of the data mismatch decreases from step 1 to step 2, the standard deviation increases. Thus, the multiplier should not be changed according to the iteration strategy in Appendix B. The multiplier at step 3 is denoted as since it is determined based on the results at step 2.
The perturbed observation matrix D 2 obs is generated according to the multivariate Gaussian distribution, which is given as: 
The CD and CM are defined as prior information, and they do not change among iteration steps. Thus, the CD and CM at all of the following steps are the same as the matrices at step 2. Regarding C , they are calculated based on the results at step 2 as follows: 
The model parameters at step 3 can be updated based on the model parameters from step 2 (m 2 ), the estimation results (g(m 2 )train), the step size (), the perturbed observation (D Since both the mean and the standard deviation of the data mismatch decreases, the updated model parameters are accepted and is reduced to increase the step size at step 4.
Step 4 to step 31
The detailed calculation process from step 4 to step 31 is not shown due to the limited space of the article. However, the estimation value, the estimation loss, and the λ (step size) of the iteration steps are summarized and compared in figures to demonstrate the converging process. The estimation values of the training dataset and the test dataset are shown in Each data point has 10 realizations, and the estimation values converge to the target value (red pentacles) as iteration step increases.
Regarding the estimation loss, the red line in Fig. S.2 represents the estimation loss of the training dataset, and the blue line denotes the estimation loss of the test dataset. Both the estimation losses of the training dataset and the test dataset converge to 0 as the training progresses. In addition, the λ of different iteration steps are shown in Fig. S.3 . The λ is inversely proportional to the step size, and it is updated according to the Appendix B. The decrease of λ between step 22 and step 27 indicates that both the mean and the standard deviation of the data mismatch are decreasing, which is consistent with the trends in Fig. S.1 and Fig. S.2 . This implies that the model is in the right searching direction, and larger step size is used to speed up the converging process. The increase of λ between step 28 and step 31 means that we cannot find a better result with smaller data mismatch, which indicates that the result is close to the local or global minimum. The converging process of the model parameters is illustrated in Fig. S.4 . Each subgraph shows a model parameter matrix at an iteration step with its columns denoting the 10 realizations and its rows representing different weights, and the values of the model parameters are shown in colors via a grey-scale map. It is shown in Fig. S.4 that the columns of the subgraph at step 1 are totally different from each other since the initial model parameters are generated from a multivariate Gaussian distribution. Compared with the subgraph at step 3, the subgraph at step 7 has very similar columns, which indicates that the realizations are converging at a high speed from step 3 to step 7. This is consistent with the rapid drop of estimation loss in Fig. S.2 . The subgraph at step 27 is similar to that at step 31, which implies that there are few updates from step 27 to step 31 and the model has found the local or global minimum. This is also proven by the trend of the estimation values in Fig. S.1 and the estimation loss in Fig. S.2 . 
